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meslstoundemtandwhmhproblemsaremtmctable,anotlonthatwé or

?bemg intractable.
= Wewill focus on a class of problems, called the NP-complete problems, which
~ very diverse problems, that share the following properties: we only know how to so!

problems in time much larger than polynomial, namely ezponential time, that is 20{
some k: and if we could solve one NP-complete problem in polynomial time, then the

a way to solve every NP-complete problem in polynomial time.
There are two reasons to study NP-complete problems. The practical one is that lf :

recognize that your problem is NP-complete, then you have three choices:
~ 1. you can use a known algorithm for it, and accept that it will take a long time to
if n is large:
2. you can settle for approrimating the solution, e.g. finding a pearly best sqln i

- than the optimum; or = '7
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NP'?” g or whether the class of NP-complete problems have pol'ynomia.lrtime solutn ns

it = 4 o .1l Qanwmttn: e Alavmath Aara/nrizanrnhloms
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e not actuajly& fin 1 l

o ety b v o ket e o 90
called NP: these are the problems where, if som ’ e«‘)}m e ha
- you can check whether it is a solution mpolynomlall‘ tl‘ l";‘.,_‘?ﬂ i L

is to answer the question “Does a graph have a mmpi “P \w

hands you a path, i.e. a sequence of vertices, and (yltl)th 4 ‘” i I
of vertices is indeed a path and that it contains all Ver‘tlcéé‘ ﬂ

problem is in NP. It should be intuitive that any problem in P Hf}hﬁ %! I
t |

\ll }

all familiar with the fact that checking the validity of a Bolutloﬁ 1s

with a solution. For example, it is easier to get jokes than to be a comedl‘ il
have average taste in books than to write a best-seller, it is easier to read ‘ziﬂ !

.?
all this reasons (and more technical ones) people believe that P£ANP, a.lthough Gl#l ' has
any clue how to prove it. (But once it will be proved, it will probably not be \t‘ HI Il
understand the proof.) il |“'l| H(

The NP-complete problems have the interesting property that if you can solve .

of them in polynomial time, then you can solve every problem in NP in polynofm"“ .
In other words, they are at least as hard as any other problem in NP; this is why 1}\ y ar
we will study cannot be solved in polynomial time, then you will have not only ﬂh' ;!}Hlﬂ-\ ‘I at
P+#NP, but also that none of the NP-compete problems can be solved in pol?mm Ml

math or theory course than to come up with the proofs of all the theorems b"‘y“_y Il
i
Fx ‘_'
called complete. Thus, if you could show that any one of the NP—complete prob] ‘jjil‘ L
i

A S S P e ) B L o i AT by g g e MRERYE R i LD AT g
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1 a.nd ﬁnd the minimum length cycle, you could Just compare its length to K ,
Questlon = Bnt Questmn 2 has a Yes/No answer, and so will be easier for us to con
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| ccision proble

hlemuwmanwm i
mqummwwmmmmmww‘”, I

Ne

o u ' ; WH )' ”I | f

qse‘ mstances require Yes/No answers, such as T
fa) polynomial-time algorithm R which transforms
of B. ‘Thét is, given an input z to problem A, R will produce
I ‘éu‘ch that T i8 a “yes” input of A if and only if R(z) is a ‘ﬁy

‘B together with a polynomial time algorithm for B, constitute
A (see Figurel). For any input z of A of size n, the reduction R
; olyno‘nualwto produce an equivalent input R(z) of B. Now, this mput
i mést p(n)-——smce this is the largest input R can conceivably construct
‘e‘fqow subrmt this input to the assumed algorithm for B, running in time
”Sizé"m,‘ where ¢ is another polynomial, then we get the right answer of

um umber of steps at most p(n) + ¢(p(n))—also a polynomial! J
IR _

AT "\ \“
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mgiicahmthatweshallbeusmgsoon.

2 Definition of Some Problems

Before giving the formal definition of NP and of NP-complete problem. we define some
mohhmthatmeNPmmpl&e.togetasenseoftheﬁdivasity,anddthmﬁmihtﬁj_
some polynomial time solvable problems. e

In fact. we will look at pairs of very similar problems, where in each pair a problem is
solvable in polynomial time, andtheotherispresmably not. S

e minimum spanning tree: Gwenawelghtedgraphandanmtega'K istherea
Mm@lmdesofthegraphwhosetotalwaghtlslforlm? i3
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lem, a “yes-no” question, by supplying a goal K and asking if the goal can » be met
optimization problem can be so converted

If we can solve the optimization problem, we can certainly solve the decision version (a.c~
tually, the converse is in general also true). Therefore, proving a negative complexity result
about the decision problem (for example, proving that it cannot be solved in polynomial
time) immediately implies the same negative result for the optimization problem.

By considering the decision versions, we can study optimization problems side-by-side
with decision problems (see the next examples). This is a great convenience in the theory
of complexity which we are about to develop.

e Eulerian graph: Given a directed graph, is there a closed path that visits each edge
of the graph exactly once?

e Hamilitonian graph: Given a directed graph, is there a closed path that visits each
node of the graph exactly once?

A graph is Eulerian if and only if it is strongly connected and each node has equal in-

degree and out-degree; so the problem is squarely in P There is no known such characterization—
or algorithm—for the Hamilton problem (and notice its similarity with the TSP).
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e circuit value: Given a Boolean circuit, and

k

output is T? (Equivalently: If we are given some of its inputs, is there a way
the remaining inputs so that the output is T.)

We know that circuit value is in P: also, the naive algorithm for that evaluates a
gates bottom-up is polynomial. How about circuit SAT? There is no obvious way to solve
this problem, sort of trying all input combinations for the unset inputs—and this is an
exponential algorithm. L

General circuits connected in arbitrary ways are hard to reason about, so we will consider
them in a certain standard form, called conjunctive normal form (CNF): Let z1, ..., T, be
the input Boolean variables, and z.,; be the output Boolean variable. Then a Boolean
expression for xq,; in terms of z1, ..., x, is in CNF if it is the AND of a set of clauses, each
of which is the OR. of some subset of the set of lLterals {1, ..., Tn,—Z1, ..., Zn}. (Recall
that “conjunction” means "and”, whence the name CNF.) For example,

Tout = (,’If]_ AV b | V IQ) VAN (133 V I9 V _'Il) JAN (Il \ 172) A (I3)

is in CNF. This can be translated into a circuit straightforwardly, with one gate per logical
operation. Furthermore, we say that an expression is in 2-CNF if each clause has two
distinct literals. Thus the above expression is not 2-CNF but the following one is:

(.’l‘-l V —11131) A (133 V :82) N\ (:L‘l V 2:2)

3-CNF is defined similarly, but with 3 distinct literals per clause:
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e 2SAT: Given a Boolean formula in 2-CNF, is there a satisfying truth asmgnmen
the input variables? it

e 3SAT: Given a Boolean formula in 3-CNF is there a satisfying truth assignment to
the input variables? |

2SAT can be solved by graph-theoretic techniques in polynomial time. For 3SAT, |
no such techniques are available, and the best algorithms known for this problems are
exponential in the worst case, and they run in time roughly (1.4)", where n is the number
of variables. (Already a non-trivial improvement over 2", which is the time needed to check
all possible assignments of values to the variables.)

e matching: Given a boys-girls compatibility graph, is there a complete matching?

e 3D matching: Given a boys-girls-homes compatibility relation (that is, a set of boy-
girl-home “triangles”), is there a complete matching (a set of disjoint triangles that

covers all boys, all girls, and all homes)?

We know that matching can be solved by a reduction to max-flow. For 3D matching
there is a reduction too. Unfortunately, the reduction is from 3SAT to 3D matching—and
this is bad news for 3D matching. ..
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. unary knapsack leen mtegers a.1, il \,a',;‘,‘a.nd a.nothb‘i'
k a subset of these integers that sum exactly to K‘? it

e knapsack: Given integers ay,...,an, and another mteger K m bmary, is there a | |
subset of these integers that sum exactly to K7 it

unary knapsack is in P-—simply because the input is represented so wastefully, with
about n + K bits, so that a O(n?K) dynamic programming algorithm, which would be
exponential in the length of the input if K were represented in binary, is bounded by a
polynomial in the length of the input. There is no polynomial algorithm known for the real
knapsack problem. This illustrates that you have to represent your input in a sensible
way, binary instead of unary, to draw meaningful conclusions.

5 NP, NP-completeness

Intuitively. a problem is in NP if it can be formulated as the problem of whether there is
a solution

e They are small. In each case the solution would never have to be longer than a
polynomial in the length of the input.

e They are easily checkable. In each case there is a polynomial algorithm which takes
as inputs the input of the problem and the alleged solution, and checks whether the
solution is a valid one for this input. In the case of 3SAT), the algorithm wou.ld just
check that the truth assignment indeed satisfies all clauscs In the case bf Hamzlton i
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- non-Hamlltoman graph: i graph G R 4
G? How would you prove to a suspicious person that a given large, dense, complex aph
has no Hamilton cycle? Short of listing all cycles and pointing out tha.t none v181ts all node
once (a certificate that is certainly not succinct)? |

These are examples of problems in NP:

e Given a graph G and an integer k, is there a simple path of length at least k in G7

e Given a set of integers a;,...,ay, is there a subset S of them such that Macs®i=
Eugs a?

We now come to the formal definition.

DEFINITION 1 A problem A is NP if there erist a polyviohiiél p and a polynomial-time
algorithm V () such that x is a YES-input for problem A if and only zf there exists a solution
y, with length(y) < p(length(z)) such that V (z, y) outp'u.ts YE‘S
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| So now, if we are dealing with some problam A that we can prove to be NP—\"‘
there are only two possibilities: i

e A has no efficient algorithm.,

and proofs, mstead of just having theorems And why theorems that had reasonabl
proofs have been open questions for centuries? Why do newspapers publish solutio:
crossword puzzles? If P =NP, whatever exists can be found efficiently. It '; to

be true. ‘ | :
-.-“.I&m_ TS ;'A-_!;vmv.<.£u4_.am..d"“ sttty i S Ly L w‘h’ﬂ RS e ﬁL -
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A vertex cover of an undirected graph is a subset of its vertices such that f()r eVery édgé i

(u, v) of the graph, either ‘U’ or v’ is in vertex cover. Although the name is Vertex Cover. the

set covers all edges of the given graph. Given an undirected graph, the ven‘ex cover
problem is to find minimum size vertex cover.

Following are some examples.

Minimum vertex cover is empty(} ini

Minimum vertex cover is {3} Minimum vertex cover is {4, 2} or {4, 0}
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Minimum Vertex Cover is {b, c, d} or {b, c, &}
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N Queen Problem | Backtracking-3

We have discussed Knight's tour and Rat in a Maze problems in Set 1 and Set 2
respectively. Let us discuss N Queen as another example problem that can be solved

using Backtracking.

The N Queen is the problem of placing N chess queens on an NxN chessboard so that no
two queens attack each other. For example, following is a solution for 4 Queen problem.
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